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Abstract
Noether symmetry for Gauss-Bonnet-Dilatonic interaction exists for a constant dilatonic scalar
potential and a linear functional dependence of the coupling parameter on the scalar field. The
symmetry with the same form of the potential and coupling parameter exists all in the vacuum,
radiation and matter dominated era. The late time acceleration is driven by the effective cos-
mological constant rather than the Gauss-Bonnet term, while the later compensates for the large
value of the effective cosmological constant giving a plausible answer to the well-known coincidence
problem.
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I. INTRODUCTION
Many alternative theories of gravity have been proposed so far in order to present viable
cosmological models of dark energy associated with observed cosmic acceleration. Among
them, the introduction of a Gauss-Bonnet term into the Gravitational action has received
much attention in recent years [1][2][3][4][5][6][7][8] [9][10][11][12][13][14][15][16],[17]. In par-
ticular, important issues like - late time dominance of dark energy after a scaling matter era
and thus alleviating the coincidence problem, crossing the phantom divide line and compat-
ibility with the observed spectrum of cosmic background radiation have also been addressed
recently [18][19]. Gauss-Bonnet term arises naturally as the leading order of the α′ expan-
sion of heterotic superstring theory, where, α′ is the inverse string tension. [20][21][22][23].
However, Gauss-Bonnet is a topologically invariant term in 4-d space-time and so it is
coupled with a dilatonic scalar field, in order to avoid collapse of the equations to those
corresponding to standard cosmological model. As a result, at least two unknown functions
are to be postulated, or derived, viz., the potential of the scalar field V (φ) and the coupling
of the Gauss-Bonnet term with gravity Λ(φ). A most elegant procedure is to make a single
postulate in order to derive these two functions rather than setting both of them arbitrarily
by hand. This may be done by demanding Noether symmetry amongst field variables, which
has received much attention in recent times, particularly in the context of higher order the-
ory of gravity [25][26][27].
The Noether symmetry approach for the solution of the cosmological equations was devel-
oped many years ago [28], and since then applied to find general exact solutions of many
problems in the field [29][30][31][32][33][25]. It consists first in recognizing that the field
equations, when turn out to be ordinary differential equations, may be derived from an
ordinary point Lagrangian. Then, it is required to select the (not yet established) functions
under the condition that the Lagrangian should be preserved under some infinitesimal point
transformation (Lie derivative). Once the functions are obtained, general exact integration
of the field equations may be usually performed. If not, it simplifies the set of differential
equations considerably, as in the present case, which helps in discussing the solutions and
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setting the values of parameters of the theory. The discussion on the physical implications
of this symmetry may be found in [29]. As a matter of fact, its nature remains obscure,
but it revealed so fruitful in may circumstances that it is worth to attempt its applicability
hereto. Of course, here like earlier works, the same results may be obtained by suitable guess
of the functions and transformations. However it should be made clear that it is extremely
difficult to make such a guess without Noether symmetry approach.
In the present work, our starting point is the gravitational action with Gauss-Bonnet
term being coupled with a dilatonic scalar, in the presence of cold dark matter, for which
Noether symmetry has been explored in the background of spatially flat Robertson-Walker
metric. Noether symmetry has been found in the matter dominated era, after setting the
state parameter w corresponding to the baryonic and the cold dark matter to zero. In the
process the potential has been fixed to a constant and the Gauss-Bonnet coupling parameter
Λ(φ) turned out to be a linear function of φ. In the subsection 2.1, we have generated a
set of solutions simply by handling the algebraic equation in Hubble parameter rather than
solving differential field equations. The results thus obtained are intriguing.
The original idea to include Gauss-Bonnet term into the action was to drive the late time
cosmic acceleration, playing thus the key role of effective ”dark energy”, instead of the scalar
field. On the contrary, we discovered that, at least in the circumstances described below, it
is again the scalar field which drives the acceleration. The Gauss-Bonnet term instead plays
the role of contrasting the effective cosmological constant, ie., nullifying the effective cos-
mological constant as should be clear below. However, to reduce the cosmological constant
by some 120 order magnitude requires Ωφ of the same order of magnitude. Though there
has been some early attempts in this regard [34, 35], nevertheless it is an interesting issue,
since, it has been observed that modified gravity theory can contrast the effective cosmo-
logical constant. In section 3 we compare our model with ΛCDM, which as usual, shows
that it is practically impossible to identify the two, as far as luminosity distance versus
redshift graph is concerned. It is worth noting that the Noether symmetry approach could
be applied also in the case of modified GB gravity theories, which includes, for instance,
the functional dependence from the Gauss-Bonnet invariant G in the form of f(G) only,
or also an additional dependence on curvature as f(G,R). Moreover, since Gauss-Bonnet is
not a topologically invariant term in dimensions greater than 4, so we could also consider
the standard Gauss-Bonnet gravity with or without dilatonic coupling ([36]). But then, it
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should be clear, however, that the mathematical feasibility of the method will be different
and of course very difficult.
II. THE MODEL WITH GAUSS-BONNET INTERACTION AND NOETHER
SYMMETRY
We start with the following action containing Gauss-Bonnet interaction
S =
∫
d4x
√−g[ R
2κ2
+
Λ(φ)
8
G(R)− 1
2
φ;µφ
;µ − V (φ) + Lm], (2.1)
where,
G(R) = R2 − 4RµνRµν +RµνρσRµνρσ
is the Gauss-Bonnet term, which appears in the action with a coupling parameter Λ(φ),
Lm is the matter Lagrangian and V (φ) is the dilatonic potential. For the spatially flat
Robertson-Walker space-time (k = 0),
ds2 = −dt2 + a2(t)[dr2 + r2dθ2 + r2sin2θdφ2],
the field equations in terms of the Hubble parameter H = a˙
a
, are
2H˙ + 3H2 = −
[
1
2
φ˙2 − V (φ) + 2Λ′φ˙(HH˙ +H3) + (Λ′φ¨+ Λ′′φ˙2)H2 + pm
]
=
−(pGB + pϕ + pm), (2.2)
3H2 =
[
1
2
φ˙2 + V (φ)− 3Λ′φ˙H3 + ρm
]
= (ρGB + ρϕ + ρm), (2.3)
φ¨+ 3Hφ˙+ V ′ = 3Λ′H2(H˙ +H2), (2.4)
in the units κ2(= 8piG) = c = 1. Thus, pGB = 2Λ
′φ˙(HH˙ + H3) + (Λ′φ¨ + Λ′′φ˙2)H2 and
ρGB = −3Λ′φ˙H3 are the effective pressure and the energy density generated by the Gauss-
Bonnet-scalar interaction, pϕ =
1
2
φ˙2 − V (φ) and ρϕ = 12 φ˙2 + V (φ), while pm and ρm are
the pressure and the energy density , corresponding to background matter distribution
respectively. Equation (2.3) provides the standard constraint for the Ω parameters: 1 =
Ωφ + ΩGB + Ωm.
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Let us note that while in the standard quintessence scenario, where the dark energy is
described by means of a time decaying scalar field, as well in the case of a bare cosmological
constant, the nowadays energy density ρφ is of the order of the present value of the Hubble
parameter, so that Ωφ0 ≃ 0.7. Here in the presence of the Gauss-Bonnet interaction, ΩGB0
and Ωφ0 can contrarywise be large, but it turns out that ΩGB0 + Ωφ0 ∼ 0.7, as we will
explicitly investigate in subsection IIA, and it is also shown in Figure (2). The background
matter satisfies the conservation law and state equation
ρm =Ma
−3(1+w) , pm = wρm (2.5)
respectively, where M is a constant and w is the state parameter of the background mat-
ter. As usual in Noether symmetry approach, we derive the field equations from a point
Lagrangian, which may be expressed as
L = −3aa˙2 − Λ′φ˙a˙3 + 1
2
a3φ˙2 − a3V (φ)−Ma−3w. (2.6)
Now, we apply the Noether symmetry approach. Let X˜ be a vector field on the
configuration space (minisuperspace) {a, ϕ} of the dynamical system
X˜ = α(a, ϕ)
∂
∂a
+ β(a, ϕ)
∂
∂ϕ
, (2.7)
where α, β are to be determined. X˜ can be lifted to the tangent space {a, ϕ, a˙, ϕ˙} in the
following standard manner
X = α(a, ϕ)
∂
∂a
+ β(a, ϕ)
∂
∂ϕ
+ α˙(a, ϕ)
∂
∂a˙
+ β˙(a, ϕ)
∂
∂ϕ˙
, (2.8)
where
α˙ =
∂α
∂a
a˙+
∂α
∂ϕ
ϕ˙ ; β˙ =
∂β
∂a
a˙+
∂β
∂ϕ
ϕ˙. (2.9)
Let us now demand Noether symmetry by imposing the condition
£XL = XL = α
∂L
∂a
+ β
∂L
∂φ
+ α˙
∂L
∂a˙
+ β˙
∂L
∂φ˙
= 0, (2.10)
where £XL is the Lie derivative of the point Lagrangian w.r.t. X . Thus we have
α
(
−3a˙2 + 3
2
a2φ˙2 − 3a2V + 3wMa−3w−1
)
+ β
(
−Λ′′φ˙ a˙3 − a3V ′
)
+ (2.11)
+
(
∂α
∂a
a˙+
∂α
∂φ
φ˙
)(
−6aa˙− 3Λ′φ˙a˙2
)
+
(
∂β
∂a
a˙+
∂β
∂φ
φ˙
)(
−Λ′a˙3 + a3φ˙
)
= 0.
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This equation is satisfied provided the co-efficients of a˙2, φ˙2, φ˙a˙, φ˙a˙3, φ˙2a˙2, a˙4 and the terms
free from time derivative vanish separately, ie.,
− 3α− 6a∂α
∂a
= 0 =⇒ α + 2a∂α
∂a
= 0, (2.12)
3
2
a2α + a3
∂β
∂φ
= 0 =⇒ 3α+ 2a∂β
∂φ
= 0, (2.13)
− 6a∂α
∂φ
+ a3
∂β
∂a
= 0 =⇒ 6∂α
∂φ
− a2∂β
∂a
= 0 (2.14)
Λ′′β + Λ′(3
∂α
∂a
+
∂β
∂φ
) = 0, (2.15)
− 3Λ′∂α
∂φ
= 0, (2.16)
− Λ′∂β
∂a
= 0, (2.17)
3α[wMa−3w−1 − a2V ]− a3V ′β = 0
(
=⇒ βV
′
V
= −3α
a
, for w = 0
)
. (2.18)
It was already pointed out in the introduction that if Λ(φ) = 0, field equations collapses to
standard cosmological ones, so that one recovers already known results; thus Λ 6= 0. As a
result, equations (2.16) and (2.17) immediately reveal that α = α(a) and β = β(φ), which
satisfy equation (2.14). Hence, equation (2.12) implies, α = K/
√
a, where, K is a constant.
However, equation (2.13) is satisfied only for K = 0. We thus have,
α = 0, (2.19)
and so, equation (2.18) implies, β V
′
V
= 0. The vector field X vanishes for β = 0, and
symmetry remains obscure, so we must have,
V = constant = V0 . (2.20)
Thus we obtain a rather strong result viz., the potential is obliged to be a constant. So
the scalar field energy density ρφ becomes more properly an effective cosmological constant
6
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FIG. 1: Behaviour of the Λeff term with the redshift (the parameters entering in the model are
Ωm = 0.33, H0 = 1, λ = 0.2
Λeff(ϕ) =
1
2
φ˙2 + Vo. If φ˙ falls off with world time, one is left with the bare cosmological
constant. In Fig.(1) we show the evolution of such term for some suitable values of parame-
ters (chosen in Sec. 2.1). The total, i.e. the observed effective cosmological constant in the
present context is Λeff = Λeff(ϕ) + Λ.
However, even more interesting result that we observe at this stage is that, α has to
vanish for the existence of Noether symmetry. Thus, if one considers the term in brackets
of equation (2.18), it is clear that the matter state parameter w is irrelevant, as well as a
possible non zero value of the space curvature k, so that V = V0 remains constant for the
whole evolutionary history of the Universe, ie., in the vacuum and the radiation dominated
era. Thus, the following charge remains conserved also. In any case, in the present work we
deal with late time evolution of the Universe and will not insist on early Universe models.
Now in view of equation (2.13), we get a constant value for β = β0. Equation (2.15) then
yields Λ′′ = 0, ie.,
Λ = λφ, (2.21)
with constant λ. Thus, in view of Noether symmetry, we have been able to find the functional
forms of Λ(φ) and V (φ) of the model under consideration. It is worth noting that one may
always choose V = V0 = constant, a-priori, but choosing a linear form of Λ(φ), without
invoking Noether symmetry is highly ambitious. Further, such choices are usually made
for mathematical simplicity. We find here that, although apparently simple forms have
emerged from Noether symmetry, however, it do not make the field equations tractable to
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solve directly. It is again interesting to note that, the same form of Λ(φ) was obtained
in an earlier work [19] at the late time cosmic evolution, when the kinetic term viz., φ˙2
indeed became constant and the Universe sets off for an accelerated expansion. We just
like to mention once again that the coupling parameter and the potential thus found are
independent of the evolutionary history of the Universe.
Finally, the point Lagrangian takes the following form,
L = −3aa˙2 − λφ˙a˙3 + 1
2
a3φ˙2 − a3V0 −M, (2.22)
which is clearly cyclic in φ. We do not need thus to perform a transformation of variables,
as is usually done in Noether symmetry approach [28]. The associated conserved quantity
is found quite trivially as
n = a3φ˙− λa˙3,
which is essentially the generalization of a well known result in the case of constant potential
[28]. The field equations now are the following,
2H˙ + 3H2 = −
(
1
2
φ˙2 − V0 + 2λφ˙(HH˙ +H3) + (λφ¨)H2
)
, (2.23)
3H2 =
1
2
φ˙2 + V0 − 3λφ˙H3 + M
a3
, (2.24)
a3φ˙− λa˙3 = n, (2.25)
However, only two of these are independent and one can utilize the last two for finding
explicit solutions of the scale factor and the scalar field, which will finally set the coupling
parameter Λ(φ). For this purpose, let us substitute φ˙ from equation (2.25) in equation
(2.24), to get,
3
a˙2
a2
= −5
2
λ2
a˙6
a6
− 2λna˙
3
a6
+
n2
2a6
+
M
a3
+ V0, (2.26)
which may be rewritten as,
5
2
λ2a˙6 + 2λna˙3 + 3a4a˙2 − V0a6 −Ma3 − n
2
2
= 0. (2.27)
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This equation is definitely not easy to solve, so in the following section, we take up a different
route to analyze the solutions.
A. Obtaining solutions
As mentioned, it is clearly not possible to solve analytically equation (2.27) in order to
obtain a(t), but, on the other hand, it turns out to be unnecessary. It can be transformed
into an algebraic equation for the Hubble parameter, being interpreted as a function of the
red-shift z, which is clearly what we need in order to investigate the cosmic evolution in the
context of dark energy. Thus, we get,
5λ2H6 + 4nλ(1 + z)3H3 + 6H2 − n2(1 + z)6 − 2M(1 + z)3 − 2V0 = 0, (2.28)
where we have set the present value of the scale factor a0 = 1, as usual. The only problem
left is the impossibility to get an exact solution of a 6th degree algebraic equation. We
must thus give effort to make a reasonable choice of the parameters involved, in order to
make a somewhat detailed study of the cosmological consequence of the situation under
investigation. Let us stress that, in any case, we are not talking of numerical integration
but of simple solution of an algebraic equation.
First, since we want to investigate on acceleration at the present epoch, we need an expression
for H ′(z) (from now on, prime means derivative w.r.t. z). Taking derivative of equation
(2.28) it is easy to obtain,
H ′(z) =
6n2(1 + z)5 + 6M(1 + z)2 − 12nλ(1 + z)2H3
30λ2H5 + 12nλ(1 + z)3H2 + 12H
. (2.29)
Second, our choice of units leave us free to choose the unit of time. In a recent work, some
of us [37] fixed the present age of the universe t0 = 1. This was due to the fact that, in that
case, we had explicit time dependance of the solutions. Here, instead we set the Hubble
time to one, i.e., H0 = 1. It should be clear that this does not imply any loss of generality.
Third, we need some “reasonable values” for other parameters. By this we mean to set some
parameters of the theory in such a way as to get simple expressions for computations, ending
up with a model reasonably similar to the present observable universe, although may not
be the best fit. This is due to the fact that for the moment we are mostly interested here to
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show some important features implied by the introduction of a GB term into the action. A
more precise statistical treatment will be given in sec. IIIA.
We observe thatM parameterizes the amount of matter. In our units it is simplyM = 3Ωm0.
Thus if we assume Ωm0 = 1/3, we obtain a nice value M = 1. Since our model is different
from ΛCDM, it is by far not sure that we should obtain the current value of that model, i.e.
Ωm0 = 0.26. This sort of arbitrariness will be fixed later.
The second reasonable choice is to assume that the present value of the deceleration param-
eter is q0 = −1/2 (again with some arbitrariness). Hence, finally we are left with
V0 = 2∓ 1
4
(√
19∓ 8
)
λ2 > 0 ; n = ∓1
2
(√
19∓ 3
)
λ. (2.30)
We observe that we are finally left with only the λ parameter, that will eventually fix up Vo
and n, but with two possible choices, corresponding to two different signs. In the following we
will adopt the choice corresponding to the plus signs; however the other one, corresponding
to minus signs into equation (2.30) turns out to be also interesting. Another interesting
remark is that V0 cannot be zero, attaining a minimum value of 2, for λ = 0. We have also
checked that, in general, it is impossible to obtain any acceleration with zero value for V0.
This means that, actually, it is an effective cosmological constant Λeff(ϕ), which drives the
acceleration. Thus one may ask what is the point in setting up all this stuff if the final
answer is that we must stay again with the old good Λ ? For a possible answer now let us
eventually go to some physical quantities.
According to the present choice, we have already fixed Ωm0 =
1
3
, and so are required to
compute Ωφ0 and ΩGB0. With our choice of parameters we get
ΩGB = −λ(λH
3 + n/a3)
H3
; Ωϕ =
2
3
− ΩGB, (2.31)
and, substituting n from equation (2.30) and H0 = a0 = 1, we obtain
ΩGB0 =
1
2
(√
19− 5
)
λ2 ; Ωϕ0 =
1
6
(
4− 3
(√
19− 5
)
λ2
)
. (2.32)
Let us remind that Ωφ0 = ρφ/(3H
2
0 ) may be interpreted as an effective cosmological constant,
so that its evaluation is very important. As Ωφ0+ΩGB0 =
2
3
, there is clearly a degeneration,
between Ωφ0 and ΩGB0. It is interesting to look at a compared plot of the two.
Figure (2) depicts that small values of λ takes care of small values of the ”effective cosmo-
logical constant”. Instead, large and possibly huge values allow for large (huge) values of
10
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FIG. 2: Ωϕ0 (upper, red) and ΩGB0(lower, blue) versus λ. Please note that there is a small gap
between the two curves. From text it should be clear that they never sum up to zero
it. Thus we see that the presence of the Gauss-Bonnet-dilatonic interaction term λ gives
us the possibility to reduce the tremendous repulsive power of a large effective cosmological
constant Λeff(ϕ). Hence the well known coincidence problem viz., why the cosmological
constant is so small today might have been given a plausible answer. This of course is true
if all this mechanism gives a good fit with data, which we do just in the next section.
III. COMPARISON WITH ΛCDM AND WITH THE OBSERVATIONAL SNIA
DATA
We are now ready to compare our model with ΛCDM, to show that they are observation-
ally equivalent, as far as luminosity distance is under consideration. The value of λ should
be irrelevant in this context. We have checked that it is indeed so, and present a result with
λ = 0.2.
Let us consider the standard ΛCDM expression of the Hubble parameter, normalized to
H0 = 1, as mentioned above
HΛCDM =
√
ΩΛCDM(1 + z)3 + 1− ΩΛCDM , (3.1)
and compare it with our model. The values for H are obtained by means of numerical
solution of equation (2.28) point by point, with some care in the treatment of the branching
points. The best we can do is for ΩΛCDM = 0.7.
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FIG. 3: HΛCDM (dotted red line)compared with our model (continuous line). The parameters
entering in the model are Ωm = 0.33, H0 = 1, λ = 0.2
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FIG. 4: Luminosity distances for ΛCDM (dotted line), with ΩΛ = 0.73, and our model (continuous
line), with parameters entering Ωm = 0.33, H0 = 1, λ = 0.2 (corresponding to Ωφ0+ΩGB0 = 0.67).
Figure (3) shows that they look rather different. But we know that
DL(z) = (1 + z)
∫ z
0
dz′
H(z′)
,
so that the passage to luminosity distance and then to distance modulus act in killing the
differences. In our case, the first step is enough. It is possible to compute numerically both
luminosity distances and obtain the following plot in Figure (4) which shows that the overlap
is perfect, and the slight difference in the values of Ω’s is irrelevant, as mentioned above.
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A. Constraints from recent SNIa observations
In this subsection we show that our model is compatible with recent observational data,
in particular with the observations of type Ia supernovae. We use the most updated SNeIa
sample. The present compilation, which is referred to as Union [40], includes recent large
samples from SNLS [38] and ESSENCE [39] surveys, older data sets and the recently ex-
tended data set of distant SNeIa, observed with HST. All of these have been homogeneously
reanalyzed with the same lightcurve fitter. After selection cuts and outliers removal, the final
sample contains 557 SNeIa spanning the range 0.015 ≤ z ≤ 1.55. To constrain our models
we actually compare the theoretically predicted distance modulus µ(z) with the observed,
through a likelihood analysis, where we use as merit function the likelihood L = exp (−1
2
χ2
)
.
The distance modulus is defined by
µ = m−M = 5 logDL(z) + 5 log( c
100h
) + 25, (3.2)
where m is the appropriately corrected apparent magnitude including reddening, K correc-
tion etc., M is the corresponding absolute magnitude, DL is the luminosity distance in Mpc,
and h is the standard dimensionless Hubble constant. We note that because of our choice
of time unit, our Hubble constant is not (numerically) the same as the H˜0 that is usually
measured in kms−1Mpc−1. Actually, we may easily obtain the relation
h = 9.9
H0
τ
, (3.3)
where as usual h = H˜0/100 and τ is the age of the universe in Gy, H˜0. being the Hubble
parameter in standard units. We see that H0 fixes only the product hτ . In particular,
we know that τ = 13.73+0.16
−0.15 (see for instance [41]), thus we get h ≤ 0.76 for H0 ≈ 1.
Before going into the details of our statistical analysis thoroughly, it is needed to turn into
the parametrization of our solutions, mainly following the Eqs. (2.30,2.31,2.32). Actually,
earlier (in the previous subsection), in order to illustrate some basic properties of our model,
we fixed the values of Ωm0, q0 ,H0 and λ also. Here, since we want to constrain the values of
the physically meaningful parameters as maximum likelihood ones, comparing theoretical
predictions with observational data, we remove the restrictions on the parameters. More
13
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FIG. 5: Observational data of the Union2 compilation fitted to our model. The red curve is the
best fit curve with h = 0.70+0.03
−0.05, and corresponds to ΩM0 = 0.35
+0.04
−0.08
generally, indeed
Ωφ0 + ΩGB0 =
1
6
[−6H20 (Ωm0 − 1) + (H0 − 1)(H0 + 1) (H20 +H0 + 1)
(H0(9H0 − 5) + 5)λ2 − 4
(
H30 − 1
)
H20q0λ
2+ (3.4)
−4 (H30 − 1)λ
√
H0 (H
3
0λ
2 (H20 − 7H0(q0 − 1) + (q0 − 1)2)− 3H0Ωm0 − 2q0 + 2)
]
.
In fact we have Ωφ0 +ΩGB0 = 1−Ωm0, as due, in order to satisfy the Einstein equations. If
H0 6= 1, the previous relation has to be considered as a constraint among the parameters. We
actually used it to express q0 as function of H0, Ωm0 and λ. The modulus of distance in Eq.
(3.2) turns out to be function of z, and H0, Ωm0 and λ. Performing our statistical analysis
with the Union2 compilation we marginalize over the λ parameter, that is we maximize
the likelihood Lmarg =
∫ λmax
λmin
dλ exp
(−1
2
χ2
)
, where λmin and λmax are fixed by asking that
q0 should lie in the region allowed by the observations (see for instance [24]). We obtain
χ2red = 0.99 for 554 points, and the best fit values are h = 0.70
+0.03
−0.05, and Ωm0 = 0.35
+0.04
−0.08. In
Fig. 5 we compare the best fit curve with the observational dataset. Let us remark that the
range of Ωm0 here obtained, includes the particular value chosen in earlier section. Further,
its lower limit is consistent with the presently acceptable value.
IV. CONCLUSIONS
Noether symmetry has been enforced in Gauss-Bonnet dilatonic scalar theory of gravity
and the following important results have emerged.
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(1) The coupling parameter and the potential thus found are independent of the
evolutionary history of the Universe, ie., Noether symmetry exists throughout the
history of evolution of the Universe starting from the early vacuum dominated era,
passing over to radiation dominated era and finally at the matter dominated era.
Existence of such symmetry fixes up the dilatonic-Gauss-Bonnet coupling parameter
Λ = λφ and the scalar potential V = V0 (a constant) once and forever.
(2) The same form of Λ(φ) was obtained in an earlier work [19] at the late time cosmic
evolution, when the kinetic term viz., φ˙2 indeed became constant and the Universe
sets off for an accelerated expansion.
(3) Since the potential is obliged to be a constant, the effective cosmological constant
is now Λeff = Λeff(ϕ) + ΛGB, which may be comparable with the present Hubble
parameter.
(4) The late time cosmic acceleration is driven by the scalar field effective cosmological
constant rather than the Gauss-Bonnet term.
(5) Figure (2) depicts that the presence of the Gauss-Bonnet-dilatonic interaction term
λ puts up the possibility to reduce the tremendous repulsive power of a large effective
cosmological constant. Thus the well known coincidence problem viz., why the
cosmological constant is so small today might have been given a plausible answer.
(6) For late universe, there is an almost perfect equivalence with the ΛCDM model as
depicted in Figure (4).
(7) A more accurate fit procedure gives even more satisfactory results, with a best fit value
for Ωm, whose lower limit is consistent with the results obtained from very different
kinds of methods using various astronomical objects, within the framework of the
standard ΛCDM model [41, 42].
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